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Abstrat
It is known that many onstrutions arising in the lassial Gaussian
innite dimensional analysis an be extended to the ase of more general
measures. One suh extension an be obtained through biorthogonal sys-
tems of Appell polynomials and generalized funtions. In this paper, we
onsider linear ontinuous operators from a nulear Fréhet spae of test
funtions to itself in this more general setting. We onstrut an isomet-
ri integral transform (biorthogonal CS-transform) of those operators into
the spae of germs of holomorphi funtions on a loally onvex innite
dimensional nulear spae. Using suh transform, we provide harateri-
zation theorems and give biorthogonal haos expansion for operators.
Introdution
Reently, many researhers[5, 1, 2, 6℄ have been working on extending Gaussian
Innite Dimensional Analysis and White Noise Calulus beyond the ase of the
Gaussian measure. One possible approah to this problem is through biorthog-
onal systems of polynomials and generalized funtions. That approah was
disussed by Yu. Daletsky, S. Albeverio, Yu. Kondratiev, L. Streit, W. West-
erkamp, J.-A. Yan, J. Silva, et al.[7, 6, 3℄
To illustrate their idea, onsider a measure dµ(x) = p(x)dx on R, where
p(x) is a smooth positive funtion of lass L1(R, exp(ε|x|)dx), ε > 0. In ase









n! Pn(x) generates an orthogonal
system of Hermite polynomials. In ase of a more general measure, the Appell
1
polynomials Pn are not neessarily orthogonal; however, one an onstrut a







p(x) . This biorthogonal system was
introdued for smooth measures by Daleky et al.[3, 1℄ and later extended to a
broader lass of non-degenerate measures with analyti harateristi funtionals
by Kondratiev et al.[7, 6℄
Using the biorthogonal system, the mentioned authors onstruted the
nulear spaes (N )β of Appell test funtions and the dual spaes (N )−β ,
0 ≤ β ≤ 1, with the spae (N )−1 being the largest and the most tehnially
hallenging. All those spaes were haraterized in terms of so alled Cµ- and
Sµ- transforms, whih are biorthogonal analogues of the S-transform in white
noise alulus.
In this paper, we haraterize linear ontinuous operators (N )1 → (N )1. For
any suh operator B we dene a loal CSµ,ν -symbol Bˇµ,ν = Cµ(Beν), where
µ, ν are two measures on a onulear spae N ′, and eν is a normalized exponent.
The denition of that symbol needs to be arefully interpreted, as eν and Beν
belong not to (N )1 but to larger Hilbert spaes. The symbol Bˇµ,ν is atually
a germ of omplex-valued funtions holomorphi in ylindrial 0-neighborhoods
of NC×NC. We show that under ertain onditions it uniquely haraterizes the
operator B. Our approah is similar in spirit to one used for haraterization of
white noise operators (see, e.g., Obata.[8℄), however our operator symbols are
holomorphi only loally, in very speial ylindrial domains.
The ase of operators (N )1 → (N )−1 is studied in the author's thesis[11℄ by
analyzing so alled loal Sµν -symbols Bˆµ,ν = Sµ(Beν).
The paper is organizes as follows. Setion 1 realls denitions related to
loally holomorphi and entire funtions on nulear spaes. Setion 2 desribes
the spaes of test and generalized funtions introdued by Kondratiev et. al.[7,
1, 6℄ Those spaes are dened by mean of biorthogonal Appell systems. Setion 3
introdues loal symbols of operators and gives a haraterization for operators
(N )1 → (N )1.
1 Preliminaries
1.1 Nulear spaes
Let N ⊂ H ⊂ N ′ be a real nulear Gel'fand triple and 〈·|·〉 the anonial
bilinear form on N × N ′ suh that 〈·|·〉 is an extension of the inner produt
(·, ·) on H . Denoted by |·| the norm on H . Without loss of generality, we an
always assume that the nulear Fréhet spae N is represented as a proje-
tive limit of a sequene H = H0 ⊃ H1 ⊃ H2 ⊃ ... of Hilbert spaes with norms
| · | = | · |0 ≤ | · |1 ≤ | · |2 ≤ ...; moreover, for every Hp there is p′ > p suh that
the embedding Ip′,p : Hp′ →֒ Hp is a Hilbert-Shmidt operator.
Let H−p := H
′
p be the dual to the Hilbert spae Hp. Then the spae dual to
N is given by N ′ = ind limp→∞H−p. See Shaefer[9℄ for details. We will denote
the Hilbert norm on H−p by |·|−p.
Tensor produt of nulear spaes (or π-produt) N ⊗M is the nulear spae
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dened as the projetive limit of Hilbert spae tensor produts Hp ⊗ Lp, p =
0, 1, 2, . . .. Similarly, we dene tensor powers N⊗n. The spae dual to N⊗n
an be presented as the indutive limit N ′⊗n := ind limH⊗n−p . We will preserve
the notations |·|p and |·|−p for the norms on the tensor powers H⊗np and H
⊗n
−p
respetively, as well as their omplexiations H⊗np,C , and H
⊗n
−p,C. Symmetri
tensor produt will be denoted by ⊗ˆ.
1.2 Loally Holomorphi and Entire Funtions
Let NC is the omplexiation of N . We will onsider funtions holomorphi in
a neighborhood of 0 ∈ NC.
Fat 1.1. A funtion G : NC → C is holomorhi at 0 if and only if
1. There exist p and ρ > 0 suh that for all ξ0 ∈ NC with |ξ0|p ≤ ρ and for all
ξ ∈ NC the funtion of one omplex variable λ 7→ G(ξ0 + λξ) is analyti
at 0 ∈ C, and
2. There exists c > 0 suh that for all ξ ∈ NC with |ξ|p ≤ ρ, we have
|G(ξ)| ≤ c.
We do not disern between dierent restritions of one funtion, i.e., we identify
F and G if there exists an open 0-neighborhood U ⊂ NC suh that F (ξ) = G(ξ)
for all ξ ∈ U . Denote by Hol0(NC) the algebra of germs of funtions NC → C
holomorphi at 0. That algebra is equipped with the indutive limit topology
given by the family of norms
np,l,∞(G) = sup
|ξ|p≤2−l
|G(ξ)| , p, l ∈ N.
Denition 1.2. A funtionG : N ′
C
→ C is an entire funtion of growth k ∈ [1, 2]
and a minimal type if G is holomorphi on every H−p,C, p = 0, 1, . . ., and for




) the spae of all suh funtions. The spae is endowed
with the projetive limit topology with respet to the ountable system of norms
np,l,k(G) = sup
z∈H−p,C
|G(z)| exp(−2−l|z|k−p), p, l ∈ N.
For more details about these spaes see, e.g., Kondratiev et al.[7℄ and the text-
book of Dineen[4℄.
2 Biorthogonal Appell System




〈x⊗n|φn〉 φn ∈ N
⊗̂n
C
is alled a ontinuous polynomial on N ′. The set of all ontinuous polynomials
is denoted by P(N ′), while the dual spae is denoted by P ′(N ′).
Consider the σ-algebra C(N ′) generated by ylindrial sets on N ′, whih
oinides with the Borel σ-algebras generated by the strong and indutive limit
topology. We onsider the lass of measures µ on C(N ′) satisfying to the fol-
lowing assumptions:
• ASSUMPTION 1. The measure µ on the spaeN ′ has an analyti Laplae





• ASSUMPTION 2. The measure µ is non-degenerate, that is for every
ontinuous polynomial φ ∈ P(N ′)
φ = 0 µ− almost everywhere ⇐⇒ φ ≡ 0.
It follows from the Assumption 1 that P(N ′) is densely embedded into L2(µ)
(see the book of Skorohod[10℄, Setion 10 for details). We obtain the Gel'fand
triple P(N ′) ⊂ L2(µ) ⊂ P ′(N ′). The bilinear dual pairing between P(N ′) and
P ′(N ′) with respet to µ is denoted by 〈〈· | ·〉〉µ; for φ ∈ L
2(µ) and ψ ∈ P(N ′)




2.1 Normalized Exponentials and Appell Polynomials




, ξ ∈ NC, x ∈ N
′
C .
It is a well dened funtion for ξ in some 0-neighborhood U0 ⊂ NC.
For every x ∈ N ′
C
, the funtion ξ 7→ eµ(ξ;x) is holomorphi (and also
bounded) on some 0-neighborhood U0 = {ξ ∈ NC; |ξ|p0 < 2
−q0}. Consider








where dneµ(0;x) is a symmetri n-form, and we use the notation
dneµ(0;x)ξ
n := dneµ(0;x)(ξ, . . . , ξ) .
Using the polarization identity, we obtain that the form dneµ(0;x) is Hp,C-











By the kernel theorem, for all p′ > p suh that the embedding ip′,p : Hp′ → Hp







The system Pµ =
{
〈Pn,µ(·) | ϕn〉 ; ϕn ∈ N
⊗ˆn
C
, n = 0, 1, 2, . . .
}
is alled The Ap-
pell System of polynomials (on N ′
C
).
2.2 Dierential operators and Qµ-System
Let Φn ∈ N
′⊗ˆn
C
; dene the dierential operatorD(Φn) : P(N ′)→ P(N ′), ating

















Lemma 2.2. (Kondratiev et al.[7℄) D(Φn) : P(N ′) → P(N ′) is a ontinuous








whenever m > n and 0 otherwise. 
For any Φn ∈ N
′⊗̂n
C




Theorem 2.3. (Kondratiev et al.[7℄) There is biorthogonality relation w.r.t. µ
〈〈Qn,µ(Φn) | 〈Pm,µ|φm〉 〉〉 = δm,nn!〈Φn|φn〉
and every element Φ ∈ P ′(N ′) an be presented as Φ =
∑∞
n=0Qn,µ(Φn). 
2.3 The Test Spae of Appell funtions (N )1
For eah ontinuous polynomial φ(x) =
∑N
n=0〈Pn,µ(x)|φn〉 ∈ P(N
′), with φn ∈
N ⊗̂n
C







Let the Hilbert spae (Hp,q,µ) be the ompletion of P(N ′) with respet to the
norm ‖φ‖p,q,µ. Dene the test spae of Appell funtions




Theorem 2.4. (Kondratiev et al.[7℄) The spae (N )1 is a nulear spae densely
embedded in L2(µ). Every element ϕ ∈ (N )1 has a unique extension to NC as




) (see the denition 1.2), and there is the topologial identity











so that (N )1 does not depend on the hoie of the measure µ. 






















is nite if and only if |θ|2p < 2
−q
, so that eµ(θ; ·) 6∈ (NC)1 whenever θ 6= 0.




we have eµ(θ; ·) ∈ (Hp,q,µ), that is
eµ(θ; ·) is a test funtion of nite order.




−q, θ ∈ NC
}
is a total set in (Hp,q,µ). 
2.4 Spae of Generalized Funtions (N )−1
The Hilbert spae (H−p,−q,µ) := (Hp,q,µ)
∗
an be presented as a subspae of
P ′(N ′) onsisting of those elements Φ =
∑∞
n=0Qn,µ(Φn) ∈ P
′(N ′) for whih





−p are nite. Dene the indutive
limit
(N )−1µ := ind lim
p,q∈N
(H−p,−q,µ).
The spae (N )−1µ is the dual spae of (N )
1
relative to L2(µ). As the indutive
limit topology is equivalent to the strong topology on (N )−1µ , we an drop the
subsript µ, unless we want to disuss a partiular representation of the spae
(N )−1µ .
We obtain the nulear triple (N )1 ⊂ (L2) = L2(N ′, µ) ⊂ (N )−1µ and have
the following series of ontinuous embeddings:
(N )1 ⊂ ... ⊂ (Hp,q,µ) ⊂ (L




Example 2.7. (Generalized Radon-Nikodim Derivative). For any ξ ∈ N ′ we









⊂ (N )−1 .
It follows from Lemma 2.6 and the following identity∫
N ′






= e−〈ξ| η〉 = 〈〈ρµ(ξ) | eµ(η; ·)〉〉µ




2.5 Loal Sµ-transform of Generalized Funtions
Spaes of test and generalized funtions are often haraterized by mean of
integral transforms. Following Kondratiev et al.[7℄, let us introdue so alled
Sµ-transform (whih an be regarded as a normalized Laplae transform)
(SµΦ) (θ) := 〈〈Φ | eµ(θ; ·)〉〉µ , Φ ∈ (N )
−1 .
This denition needs to be properly interpreted, as eµ(θ; ·) 6∈ (NC)
1
whenever
θ 6= 0. However, it is possible to dene the Sµ-transform loally as follows.
As every generalized funtion Φ ∈ (N )−1 is of nite order, there
exist p, q > 0 suh that Φ ∈ (H−p,−q,µ). Consider a 0-neighborhood
Up,q = {θ ∈ NC; |θ|
2
p < 2












Therefore, the bilinear form 〈〈Φ | eµ(θ; ·)〉〉µ is well dened on Up,q.
Theorem 2.8. (Kondratiev et al.[7℄) The Sµ-transform is a topologial isomor-
phism from (N )−1 to Hol0(NC). 
2.6 The Cµ-transform of Test Funtions
Denition 2.9. The Cµ-transform for a test funtion ϕ ∈ (N )1 is dened as
(Cµϕ) (ξ) :=
∫
N ′ ϕ(x+ ξ)dµ(x) = 〈〈ρµ(−ξ) | ϕ〉〉µ , ξ ∈ N
′
C .
Theorem 2.10. (Kondratiev et al.[7℄) The Cµ-transform is a topologial iso-




Note 2.11. If µ is the Gaussian measure, then the Cµ- and Sµ- transforms
oinide.
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3 Charaterization of Operators (N )1 → (N )1
Let B : (N )1 → (N )1 be a ontinuous linear operator, and µ, ν be non-
degenerate measures having analyti Laplae transform. We want to represent
B by a holomorphi funtion, that is to dene a symbol of B.
3.1 Loal CSµν-Symbols
As (N )1 is ontinuously embedded into (N )−1, one an onsider the loal Sµν-
symbol Bˆµ,ν(ξ, η) := Sµ[Beν(η; ·)](ξ), see the author's thesis[11℄. However, be-
ause of biorthogonality it is more onvenient to work with a somewhat dier-
ent symbol Bˇµ,ν(ξ, η) := Cµ[Beν(η; ·)](ξ) = 〈〈ρµ(−ξ) | Beν(η; ·)〉〉µ, whih we are
going to introdue now. That denition needs to be arefully interpreted, as
eν(η; ·) is not in (N )1 but rather in one of the approximating Hilbert spaes.
The same thing might happen with Beν(η; ·), so that we also need to extend
Cµ-transform from (N )
1
to larger spaes.
The spae (N )1 is ontinuously embedded into every Hilbert spae (Hpo,qo,µ),
po, qo ≥ 0. Applying the kernel theorem to the ontinuous operator
B : (N )1 → (N )1 →֒ (Hpo,qo,µ)
we obtain that there exist integers p ≥ 0, q ≥ 0 suh that B is a ontinuous
linear operator between Hilbert spaes (Hp,q,ν)→ (Hpo,qo,µ).
Consider a 0-neighborhood Up,q = {η ∈ NC; |η|
2
p < 2




































so that ρµ(−ξ) ∈ (H−po,−qo,µ), and we an dene the bilinear form
Bˇµ,ν(ξ, η) := 〈〈ρµ(−ξ) | Beν(η; ·)〉〉µ
on the open ylinder NC × Up,q ⊂ NC ×NC.
We all that bilinear form the loal CSµν-symbol of the operator B.
Example 3.1. Let B : (N )1 → (N )1 be the ontinuous opera-
tor dened by B 〈Pn,ν | ϕn〉 = 〈Pn,µ | ϕn〉, ϕn ∈ N
⊗ˆn
C
, where µ, ν are
two non-degenerate measures with analyti Laplae transform. Then,
Bˇµν(ξ, η) = 〈〈ρµ(−ξ; ·)|eµ(η; ·)〉〉µ = e〈ξ| η〉.
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Lemma 3.2. Let po, and qo be non-negative integers. Then for any
ϕ ∈ (Hpo,qo,µ) the funtion Cµϕ(ξ) := 〈〈ρµ(−ξ) | ϕ〉〉µ is holomorphi on H−po,C
and hene on NC ⊂ H−po,C.
Proof. Let
{
ϕ(n) ∈ (N )
1
}
be a sequene of test funtions onverging to ϕ in
(Hpo,qo,µ). Sine |
〈〈









the sequene of holomorphi funtions Cµϕ(n)(ξ) onverges to Cµϕ(ξ) in the
ompat-open topology. Therefore, Cµϕ(ξ) is holomorphi.
Theorem 3.3. For any po ≥ 0, ε > 0, there exists C > 0 and a 0-neighborhood
U ⊂ NC, suh that the loal CSµν-symbol Bˇµν(ξ, η) is holomorphi in the ylin-
der NC × U , and there is an estimate
|Bˇµν(ξ, η)| ≤ Ce
ε|ξ|−po .
Proof. Choose an integer qo ≥ 0, suh that 2−qo/2 ≤ ε. By the
Kernel Theorem, there exist p ≥ 0, q ≥ 0, suh that the operator
B : (Hp,q,ν) → (Hpo,qo,µ) is ontinuous and there is a well dened bilinear
form Bˇµν(ξ, η) := 〈〈ρµ(−ξ; ·) | Beν(η; ·)〉〉µ on the ylinder NC × Up,q, where




For xed η, the funtion Bˇµν(ξ, η) = [CµBeν(η; ·)] (ξ) is holomorphi on
the whole NC by Lemma 3.2. For xed ξ, the funtion Bˇµν(ξ, ·) is the lo-
al Sν-transform of the distribution B
∗ρµ(−ξ; ·) ∈ (H−p,−q,ν), and therefore
Bˇµν(ξ, ·) ∈ Hol0(NC). Therefore, the funtions of one omplex variable
λ 7→ Bˇµν(ξ0 + λξ, ·), w 7→ Bˇµν(·, η0 + wη) ; λ ∈ C; η0 ∈ Up,q; ξ0, ξ, η ∈ NC
are holomorphi at 0. By the Hartogs' theorem (see the textbook of Dineen[4℄),
the funtion of two omplex variables
λ,w 7→ Bˇµν(ξ0 + λξ, η0 + wη) ; λ,w ∈ C; η0 ∈ Up,q; η, ξ0, ξ ∈ NC
is holomorphi at 0. Another words, Bˇµ,ν(ξ, η) is G-holomorphi on NC ×Up,q.
Observe, that Bˇµ,ν(ξ, η) is also loally bounded on NC×Up,q, as there exists
C > 0 suh that









where C is the norm of the operator B : (Hp,q,µ) → (Hpo,qo,µ). Therefore,
Bˇµν(ξ, η) is holomorphi on NC × Up,q.
3.2 Reonstrution of Operators from Their Loal CSµν-
Symbols
Now, let F (ξ, η) be a omplex valued funtion dened and G-holomorphi on
an open ylinder NC × U0 ⊂ NC ×NC, and let po be a non-negative integer.
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Theorem 3.4. Let F (ξ, η) be a omplex valued funtion dened and G-
holomorphi on an open ylinder NC × U0 ⊂ NC ×NC, and suppose that for
any po ≥ 0, ε > 0 there exists C > 0 and a 0-neighborhood U ⊂ U0 suh that
|F (ξ, η)| ≤ Ceε|ξ|−po , ξ ∈ NC, η ∈ U. (2)
Then, there exists a unique ontinuous operator B : (N )1 → (N )1, suh
that its CSµν-symbol Bˇµν(ξ, η) oinides with F (ξ, η) on some open ylinder
NC × U ⊂ NC ×NC.
Proof. Let po ≥ 0, qo ≥ 0. Choose p¯ > po suh that the embedding
Ip¯,po : Hp¯ → Hpo is a Hilbert-Shmidt operator. Choose ε > 0 suh that
(εe)22qo ‖Ip¯,po‖
2
HS < 1. By assumption, there is C > 0 and a neighborhood
U ⊂ U0 suh that |F (ξ, η)| ≤ Ceε|ξ|−po on NC × U . Therefore, the funtion F
is holomorphi on NC × U .
Let δ > 0 be suh that {η ∈ NC; |η|p¯ ≤ δ} ⊂ U . For every (ξ, η) ∈ NC×NC,
|η|p¯ ≤ 1 the funtion of two omplex variables (s, t) 7→ F (sξ, tη) an be expanded
into the power series
F (sξ, tη) =
∞∑
m,n=0
F (m,n)(ξ, .., ξ; η, ..., η)
m!n!
smtn
onverging on the ylinder
{
(s, t) ∈ C2; |t| ≤ δ
}
. Here F (m,n) is an (m+n)-linear
form











F (s1ξ1 + ..+ snξm; t1η1 + ...tnηn)
symmetri with respet to the rst m and the last n variables. For any R > 0
we have the Cauhy formula
1
m!n!






whih gives the following Cauhy inequality for |ξ|−p¯ ≤ 1, |η|p¯ ≤ 1∣∣∣∣ 1m!n!F (m,n)(ξ, .., ξ; η, ..., η)




(m,n)(ξ, .., ξ; η, ..., η)
∣∣ ; |ξ|−p¯ ≤ 1, |η|p¯ ≤ 1} ≤ CeεRR−mδ−n.


























on the unit polydis {(ξ1, .., ξm; η1, ..., ηn); ξi ∈ NC, ηj ∈ NC, |ξi|−p¯ ≤ 1, |ηj |p¯ ≤ 1}.















By the kernel theorem, for all p > p¯ suh that the embedding Ip,p¯ : Hp → Hp¯







F (m,n)(ξ1, .., ξm; η1, ..., ηn) = 〈fm,n|ξ1⊗ˆ..⊗ˆξm ⊗ η1⊗ˆ...⊗ˆηn〉 .










For any φn ∈ H
⊗ˆn





∣∣ ψm〉 := n!〈fm,n|ψm ⊗ φn〉. The denition is orret as we have















For an element φ(·) =
∑∞






〈fm,n|n!φn〉 , m = 0, 1 . . . .


































































HS < 1. That estimate
shows that bmφ ∈ H
⊗ˆm
po,C





















Thus, for any po, qo ≥ 0 there exist p ≥ po, q ≥ 0 suh that




is a ontinuous linear operator from (Hp,q,ν) to (Hpo,qo,µ). This operator is
unique, as the set {eν(η, ·); η ∈ NC, |η|p ≤ δ} is total in (Hp,q,ν) by Lemma 2.6,
the set {ρµ(ξ, ·); ξ ∈ NC} is total in (H−po,−qo,µ) by Theorem 2.10, and there is
the following identity for the CSµν -symbol




















= F (ξ, η) , for (ξ, η) ∈ NC ×NC , |η|p ≤ |η|p¯ < δ .
It follows that B(N )1 ⊂ (N )1, and B : (N )1 → (N )1 is the unique on-
tinuous operator suh that its CSµν -symbol Bˇµν(ξ, η) oinides with F (ξ, η) on
some open ylinder NC × U ⊂ NC ×NC.
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